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Flash Memory

Flash memory is a Non-Volatile Memory technology that is
both electrically programmable and electrically erasable.

Programming is easy to perform on single cells. Erasure
can only be done on large blocks of cells.

Charge is slowly injected into the cell over several
iterations.

Common error factors: charge leakage and read
disturbance.



Rank Modulation for Flash Memories

In rank modulation' data is represented by permutations.

X:(X1,X2,---,Xn) — 02[0(1)70(2)7"'7U(n)]a

where X, (1) < Xy(2) < ... < Xy(n)-

x=(08,1523,1) — o=[1,423]

X1 < Xg4 < Xo < X3

A. Jiang, R. Mateescu, M. Schwartz, and J. Bruck, “Rank modulation for
flash memories,” IEEE Trans. on Inform. Theory, 2009.
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Why Rank Modulation?

e Better programming efficiency.

Programming o = [1,4,2, 3]:

x=(01,,,)—=x=(01,,,05) —

x=(0.1,1.2, ,05) = x = (0.1,1.2,2,0.5).

e The ranking of the cell’s charge levels is more robust to
charge leakage.



Kendall’s 7-Metric

Let S, be the set of all permutations on n elements.

For o, m € Sy, the Kendall’s T-distance, dx (o, 7), is the minimum
number of adjacent transpositions required to change o into .

If o =[3,2,4,1]and = = [2,1,3,4]:

oc=1[3,2,4,1—[2,3,4,1] — [2,3,1,4] — [2,1,3,4] = 7.

dx(o,m) = 3.




Kendall’s 7-Metric

dk(o,m) = {(i.j) = o (i) <o ') AT (i) > 7 ().

o=[8,2,4,1]and 7 = [2,1, 3, 4]

dk([3,2,4,1],[2,1,3,4]) = [{(3,1),(3,2),(4,1)}| = 3.




Why Kendall’s 7-Metric?

Small error corresponds to small Kendall’'s 7-distance?.
x=(08,1523,1) £ y=(11,1.22.3,1).
3 \J
o=1[1,4,2,3] m=1[4,1,2,3]

dk(o,m) =1.

2A. Jiang, M. Schwartz, and J. Bruck, “Correcting charge-constrained
errors in the rank-modulation scheme,” IEEE Trans. on Inform. Theory, 2010.
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Systematic Codes for Permutations

Definition

A code C C S is an (n, k) systematic code if for every o € Sk
there exists exactly one « € C such that ¢ is a sub-permutation
of a. |C| = k.

The number of redundancy symbols of an (n, k) systematic
code is r¥n — k.




Factoradic Representation

Definition

For a permutation o € Sy, the insertion vector
do = (gch ) g0'27 ey ga,n—1) is defined by

G2 j<i+1,071() > o i+ 1)}, 1<i<n-1.

If o =[5,2,1,4,3] then g, = (1,0, 1,4). Conversely:

1—102,1—1[2,1,3] = [2,1,4,3] — [5,2,1,4, 3]

The mapping o — @, is a bijection of S, into

T\ = 7o X 7y X ... X Lnp.
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Metric Embedding

The Manhattan distance between X,y € Z!:
J fn—1
Au(%,¥)= > X — yil-
i=1

The Lee distance between X,y € Zg :

N
L (x,y)E S min{lx — yil.q — 1% — yil}.
i=1

Lemma (Jiang, Schwartz, and Bruck, 2010)

Foreveryo,m € S,andq > n

dK(U77r) > dM(gangr) 2 dL(gU’gﬂ)
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Known Constructions of Systematic Codes

e Using a greedy approach, Zhou et al.2 proved the
existence of an (n, k) systematic code with minimum
distance d and r = n — k < d redundancy symbols.

e Using BCH codes over the factoradic representation, Zhou
et al. constructed an (n, k) systematic t-error-correcting
code, where n>6t+5and r <2t+1.

3H. Zhou, M. Schwartz, A. Jiang, and J. Bruck, “Systematic error-correction
codes for rank modulation,” 2013
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Systematic Single-Error-Correcting Code

A perfect single-error-correcting code in S, does not exist,
where nis a prime®.

In that case if C is an (n, k) single-error-correcting code then
Kl=|Cl<(n—=1)! = n>k+2.

Zhou et al. constructed a (k + 2, k) systematic
single-error-correcting codes for all k > 2.

*S. Buzaglo and T. Etzion, “Perfect permutations codes with the Kendall’s
T-Metric,” 2013.
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Systematic Single-Error-Correcting Code

Construction (Zhou et al., 2013)

Letm € {k,k + 1} be a prime and define C as follows. For all
o € Sk, define « € C where,

9a,i = 9o, 1<i<k-1

k
Gk = Y _(2i — 1)o(i) (mod m)

i=1
k

Gokt1 = Y _(2i = 1)?0(i) (mod m).
=1

C is (k + 2, k) systematic single-error-correcting code.
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Multi-Permutations

A multi-set M = {v{",vy2,--- v} is a collection of the
elements {vy, vo,..., v} in which every v; appears m; times.

A multi-permutation on M is an ordering of the elements of M.
Let S(M) be the set of all multi-permutations on M.
The Kendall’s 7 can be extended to S(M).
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Systematic Codes and Multi-Permutations

Let My, ={0K k+1,k+2,...,k+r}.

For oo € Sk let a0 € S(My ) obtained from o by replacing
every element of {1,2,...,k} by 0.

If o = [2,5,4,1,3,6] and k = 3 then a0 = [0,5,4,0,0,6]. \
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Systematic Codes and Multi-Permutations

For o € Sk, p € S(Mk ), denote by o * p the permutation in
Sk obtained by substituting o in p.

pr: [Oa6507055)770] and o = [2,4,1,3],then
oxp=[2641,573|
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Systematic Codes and Multi-Permutations

An (n, k) systematic code C is equivalent to a mapping
¢ Sk — S(Min—k)-

If o is a sub-permutation of a € C then ¢(o) = a0 and

o ¢(o) = a.

For every o,m € Sk, p1,p2 € S(Mk,r)

di(o * p1,0 % p2) > dk(o, ) + dk(p1, p2).
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Construction of Systematic Codes

Ingredients:
1) Integers hy, ho, ..., hx_1,and My, s.t.

k-1
> ei-hi(mod My), ecZ |||y <t
i—1

are all distinct.

2) Acode C; C S(My,) of size My and with minimum
Kendall's T-distance 2t.
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Construction of Systematic Codes

Recipe:
Let po, p1,-- -, pm,—1 be the M; codewords in C;.

Define C C Sk, as follows.

k—1
C={oxpj: 0 €S > goihi=jmod M}.
i=1

Cis a (k + r, k) systematic t-error-correcting code.
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Cis a (k + r, k) systematic code.

Let o, m € Sk and let pj,, pj, € Cr s.t. 0 % pjy, ™ pj, €C.

If dy(o,7) > 2t + 1 then

dk(o * pj,, ™ * pj,) > 2t + 1.
We claim that if 1 < dk (o, 7) < 2t then j; # j> and therefore

dK(O'*pj1,7T*,0j2) > dK(J>7T) + dK(pj1,,0j2) >2t+1.
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1< dK((T,W) <2t = 1< dL(gg,gW) < 2t.
There exist e, f € ZK=1, |le||1, ||f||1 < t, s.t.
g, +e=g.+f

Assume to the contrary that j; = jo, then

k—1 k—1

> 90ihi = g,.ihi mod M
i=1 i=1

and
k—1 k—1
> eihi=> " fih; mod My
i=1 i=1

a contradiction.
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Example (t=1)

Let k be integerand r = 2
1) Let My =2(k—1)+1andleth;=i,1<i<k-—1.Then

the sums Z, 1 eihi, ||e||1 < 1, are all distinct modulo M;.
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Example Continues

Example (t=1)
2) Fix p € S(Mk2) and consider the codes

C3 = {7 € S(Mxp) : dk(p,7) =0 (mod 2)},

08 = {v € S(Mz) : di(p,7) =1 (mod 2)}.

The minimum distance of both C§ and CJ is 2.
The size of either C5 or C3 is at least

|IS(Mk2)| (k+2)! (k+2)(k+1)

2 Kl 2 2 = 2= 1

Then we can construct a (k + 2, k)-systematic
single-error-correcting code.
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Getting Ingredient 1

Theorem (Barg & Mazumdar, 2010)
Let g be a power of a prime and M = (g'*' —1)/(q — 1). Let

M — t(t+1)M, tisodd
= t(t+2)M, tiseven
Then there exist integers hy, ha, ..., hq.1 s.t. for alle € 291,

|le||1 <t, the sums Z/‘-’j e;h; are all distinct modulo M;.
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Getting Ingredient 2

Theorem (Sala, Gabris, & Dolecek, 2013)

t+1_ . .
LetM =14 = 1, where g = 3_%_, m; — 1 is a power of a prime.

There exists a t-error-correcting code C C S(M) in the
Kendall’'s T-metric, whose size satisfies

IS(M)] ]
cl> =L t is odd
- r'(?iﬂz/;a\b’ t is even
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Example for t = 2

Let k be an integer s.t. k — 2 is a power of a prime and let
r=3.
1) Let My = 8((k —2)° —1))/(k — 8) = 8((k — 2)? + k — 1),
There exist hy, hy, ..., hx_1 s.t. the sums S5 iy,
llell1 < 2, are all distinct modulo M.
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2) There exists a single-error-correcting code Cx C S(M 3)

of size |Ck| > 'Ség/‘jf)l. Fix p € S(My 3) and consider the

codes

C5 ={v €Ck : dk(p,7) =0 (mod 2)},

C3 ={y €Ck : dk(p,7) =1 (mod 2)}.

The minimum distance of the codes C$ and Cf is 4.
One of these codes must be of size at least

Ckl _ 1S(Mis)| _ (k+3)! _ (k+3)(k+2)(k +1)
2 - 14 k!-14 14 ’

If k > 113 then KEKEDEH) > g((k _2)2 4 k—1) and we can
construct a (k + 3, k) systematic double-error-correcting code.
29
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The Number of Redundancy Symbols

Theorem

Let k be a sufficiently large integer, lett = k¢ be an integer, and
letr = [ut]. If

pw>14+¢e¢ for 0<e<1
p>1+1 for 1<e

There exists a (k + r, k)-systematic t-error-correcting.
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Conclusion

e A construction for (k + r, k)-systematic t-error-correcting
codes, was presented.

e For most values of t, the construction provides less
redundancy symbols than the number of redundancy
symbols of the known constructions. In particular, for a
fixed t and for sufficiently large k the number of
redundancy symbolsis r =t + 1.

¢ Do there exist codes with less redundancy symbols?
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The End!

Thank You!
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