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× A nonvolatile memory both electrically programmable and 

electrically erasable .

× Adding charge to a single cell is a fast operation.

× Removing charge from a single cell requires erasing an entire 

block (ρπcells).

Multilevel Flash Memory

Each cell stores one of ήlevels and can be

regarded as a symbol over a discrete alphabet

of size ή.
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Problem: 
Cannot rewrite the memory without an erasure

Solution:
Write -once memory (WOM) Codes.
One of the most efficient schemes 
to decrease the number of block erasures

The goal:

Maximize the total number of bits 

which are possible to be written to the memory in ὸwrites,

while preserving the property 

that cells can only increase their level. 

Introduced by Rivest and Shamir, 
òHow to reuse a write -once memoryó, 1982
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Ex: 2-write binary WOM code
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There are in fact four models of WOM, depending 

whether the encoder and decoder are informed with 

the memory state before encoding on each write. 

J.K.Wolf , A.D.Wyner , J. Ziv , and J.Korner , 

òCoding for a write -once memory,ó 

AT&T Bell Labs. Tech. J., vol. 63, no. 6, pp. 1089ð1112, 1984
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EI - Encoder Informed
The encoder reads the memory before encoding new data.

EU ðEncoder Uninformed
The encoder doesnõt read the memory before encoding new data.

DI - Decoder Informed
The decoder knows the memory state before the new data was 
encoded. 

DU ðDecoder Uninformed
The decoder doesnõt know the memory state before  the new data 
was encoded. The decoder knows only the last state
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Motivation for DI: RIO code
Sharon and Alrod , òCoding scheme for optimizing random I/O performance ,ó 
Non-Volatile Memories Workshop, San Diego, Apr. 2013.

Yaakobi and Motwani , òConstruction of random input -output codes with moderate 
block lengths ,ó IEEE Trans. on Comm., May 2016. 



EI - Encoder Informed
The encoder reads the memory before encoding new data.

EU ðEncoder Uninformed
The encoder doesnõt read the memory before encoding new data.

DI - Decoder Informed
The decoder knows the memory state before the new data was 
encoded. 

DU ðDecoder Uninformed
The decoder doesnõt know the memory state before the new data 
was encoded. The decoder knows only the last state

Example:

First write: 

Second write: 

Memory state after 1st write: ╬

Memory state after 2nd write: ╬

άðthe encoded message 

on the 2nd write.
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The input to the encoder
on the 2nd write:
EU: ά
EI: ╬ȟά

The input to the decoder
on the 2nd write :
DU: ╬
DI: ╬ȟ╬



EI:DI ðmodel 1

The easiest to solve. 
Encoder and decoder know the previous state.

EI:DU ðmodel 2

The conventional model.
Only the encoder knows the previous state.

RivestShamirõ82, Merkx õ84, CohenGodlewskiMerkxõ86, 

WuJiangõ09, Wuõ10, Shpilkaõ11, GabrysDolecekõ11,

BurshteinStrugatski õ12, YaakobiShpilkaõ12, 
JiangLiEn-GadLangbergBruckõ13, Shpilkaõ14, En-
GadHuangLiBruckõ15

EU:DI ðmodel 3

Only the decoder knows the previous state.

EU:DU ðmodel 4

The hardest to solve. 
Encoder and decoder don õt know the previous state.
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An▪ȟ◄Ƞ╜ ȟȣȟ╜◄▲
ȟ▬▄░░

◄

WOM code
ὲ number of cells
ὸ number of writes
ὓ number of messages written in the Ὥth write.
ή number of charge -levels
Ὧ the WOM model

▬▄░░
◄

the decoding error probability

The rate on Ὥ-th write: Ὑ

The sum- rate: Ὑ В Ὑ

The capacity region, ╒▲ȟ◄
▓ȟꜗ, ╒▲ȟ◄

▓ȟ◑:

the set of all achievable rate tuples.

The maximum sum- rate , ╡▲ȟ◄
▓ȟꜗ, ╡▲ȟ◄

▓ȟ◑
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Ὥᶅȡὴ πᵼ zero - error,

Denote: ▪ȟ◄Ƞ╜ ȟȣȟ╜◄▲
ȟ◑
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Ὥᶅȡὴ πᵼ zero - error,

Denote: ▪ȟ◄Ƞ╜ ȟȣȟ╜◄▲
ȟ◑

- error
zero - error

ᶅ πȡɱ ὲȟὸȠὓȟȣȟὓ
ȟ

WOMcode, ὓ ς ,

▬▄░ ꜗ

ὙȟȣȟὙ ᶰὅȟ
ȟ◑ᵾ

ᶅ πȡɱ ὲȟὸȠὓȟȣȟὓ ȟ◑WOM code, ὓ ς

ὙȟȣȟὙ ᶰὅȟ
ȟꜗᵾ

Models 
1-EI:DI
2-EI:DU
3-EU:DI
4-EU:DU
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Construction of a ςȟςȠσȟς ȟWOM code .
ς number of cells
ς number of writes
σȟς number of messages written 

on the first and second writes, respectively
ς number of charge levels
τ model EU:DU
ᾀ zero -error

First write: 
a ternary symbol is written:
πm πȟπȟρm πȟρȟςm ρȟπ
Second write : 
one more bit is written. 
πm πȟπ-no change, ρm ρȟρ
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1st write
Cell state

1st write
symbol

000

011

102

10
2nd

1st Write
Write

11000

11011

11102

11
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00
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00
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╡▼Ἵἵ
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Ȣ Max Ȣ



Construction of a σȟςȠτȟτ ȟWOM code .
σ number of cells
ς number of writes
τȟτnumber of messages written on the 

first, second writes, respectively
ς number of charge levels
σ model EU:DI
ᾀ zero -error
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╡▼◊□ Ȣ

Second writeFirst writeMessage

0000000

1100011

1010102

0111003

0

0

1

00

31111

First writeMessage

0000

0011

0102

1003

000

0

3
2

001 010 100

1

011

3

110
1

2
101

2 2
2

Max Ȣ
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Binary[ 1]

Non-binary[ 2]

[1] Wolf et al. õ84

[2] Fu and Vinck õ99

LLἴἷἯ
▲ ◄
▲

ἴἷἯ
▲ ◄
▲zero -error

LLLL-error

LL╒▲ȟ◄Lzero -error

LLLL-error

LLἴἷἯ◄ἴἷἯ◄zero -error

╟◄ἴἷἯ◄ἴἷἯ◄ἴἷἯ◄-error

LL╒ȟ◄╒ȟ◄zero -error

K╒ȟ◄╒ȟ◄╒ȟ◄-error
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Models 
1-EI:DI
2-EI:DU
3-EU:DI
4-EU:DU

capacity
region

max
sum - rate

Model 4Model 3Model 2Model 1

capacity
region

max
sum - rate

╒◄Ṗ



The binary case (Wolf et al. õ84):
Capacity region :

ὅȟ
ȟṒὅȟ

ȟ ὅȟ
ȟ ὅȟ

ȟ ὅȟ
ȟ ὅȟ

ȟ

Maximum sum-rate :

Ὑȟ
ȟ Ὑȟ

ȟ Ὑȟ
ȟ Ὑȟ

ȟ Ὑȟ
ȟ Ὑȟ

ȟ ÌÏÇὸ ρ

Ὑȟ
ȟ ὖḯ ÓÕÐ

ȟȣȟ
ὬБ ὴ В ρ ὴὬБ ὴ ςȢσχ

The non- binary case (Fu and Han Vinck õ99):

Capacity region : ὅȟ
ȟdenote ὅȟȢother models?

Maximum sum-rate : 

Ὑȟ
ȟ Ὑȟ

ȟ ÌÏÇ
ή ρ ὸ
ή ρ
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Denote ὅȟὅṖὅȟ
ȟ

Ὑȟ
ȟᶰὅ

Models 
1-EI:DI
2-EI:DU
3-EU:DI
4-EU:DU
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Models 
1-EI:DI
2-EI:DU
3-EU:DI
4-EU:DUὅṖὅȟ

ȟṒὅȟ
ȟ ὅȟ

ȟ ὅȟ
ȟ ὅȟ

ȟ ὅȟ
ȟ ὅȟ

Models 1,2,3 (EI:DI , EI:DU, EU:DI -error ):
The capacity region

the maximum sum- rate : ἴἷἯ◄

Model 4 (EU:DU):

The following region,╒◄was shown to be achievable :

the maximum sum- rate :

Ὑȟ
ȟ ὖ ςȢσχ


