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DNA Storage



Reconstruct string from multiple, incomplete and/or noisy observations

Examples: 
• Levenshtein’s reconstruction problem [1]

• Trace reconstruction problem [2]

• 𝑘-deck problem [3]
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≥ 𝐿 !"#$

Probabelistic version of this channel: 
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𝒙 ∘ 𝒚: concatenation of 𝒙, 𝒚 ∈ Σ∗.

ℓ-substring of 𝒙: substring of length ℓ.

𝑛 = 0,1, … , 𝑛 − 1 .

Notations



Torn-Paper Channel
Single-Strand



D. Bar-Lev, S. Marcovich, E. Yaakobi, and Y. Yehezkeally, “Adversarial torn-paper codes,” in IEEE ISIT, 2022.
S. Nassirpour, I. Shomorony, and A. Vahid, “Reassembly codes for the chop-and-shuffle channel,” in arXiv, 2022.
A. N. Ravi, A. Vahid, and I. Shomorony, “Capacity of the torn paper channel with lost pieces,” in IEEE ISIT, 2021.
I. Shomorony and A. Vahid, “Torn-paper coding,” IEEE TIT, Dec. 2021.

Single-Strand Torn-Paper Reconstruction

𝐿%&' ≤ 𝐿 ≤ 𝐿%() 𝐿 ≤ 𝐿%()



An 𝐿"#$, 𝐿"%& -segmentation of 𝒙 ∈ Σ' is a multiset 
𝒖(, 𝒖), … , 𝒖*+) of substrings  such that:

(1) 𝒙 = 𝒖( ∘ 𝒖) ∘ ⋯ ∘ 𝒖*+).
(2) 𝐿*,' ≤ |𝒖,| ≤ 𝐿*-. for 0 ≤ 𝑖 < 𝑚 − 1 and 𝒖*+) ≤ 𝐿*-.

𝒯/!"#
/!$% 𝒙 : the multiset of all 𝐿"#$, 𝐿"%& -segmentations of 𝒙.

Example:  𝒙=0001011001
0001, 01, 10, 01 is a 2,4 -segmentation of 𝒙. 

Definitions



An 𝐿"#$, 𝐿"%& -segmentation of 𝒙 ∈ Σ' is a multiset
𝒖(, 𝒖), … , 𝒖*+) of substrings  such that:

(1) 𝒙 = 𝒖( ∘ 𝒖) ∘ ⋯ ∘ 𝒖*+).
(2) 𝐿*,' ≤ |𝒖,| ≤ 𝐿*-. for 0 ≤ 𝑖 < 𝑚 − 1 and 𝒖*+) ≤ 𝐿*-.

𝒯/!"#
/!$% 𝒙 : the multiset of all 𝐿"#$, 𝐿"%& -segmentations of 𝒙.

Definitions

Channel input: 𝒙 ∈ Σ'
Channel output: an 𝐿"#$, 𝐿"%& -segmentation of 𝒙. 



𝐿"#$, 𝐿0123 - single strand torn-paper code: 
code 𝒞 ⊆ Σ' such that for any two distinct strings 𝒙, 𝒙4 ∈ 𝒞, it holds 
that 𝒯/!"#

/!$% 𝒙 ∩ 𝒯/!"#
/!$% 𝒙4 = ∅.

𝒯$!"#

$!$% 𝒙 𝒯$!"#

$!$% 𝒙′

Definitions



Theorem: If 𝐿"#$ = 𝑎 log 𝑛 + 𝑂' 1 , for some value 𝑎 > 1, then for 
any 𝐿"#$, 𝐿"%& -single-strand torn-paper code 𝒞 ⊆ Σ', 

R 𝒞 ≤ 1 − )
-
+ 𝑜 1 .

Single-Strand Torn-Paper Codes: Rate



A Gray Code is an ordering of Σ' such that any two adjacent strings 
differ in only one symbol position.

Preliminaries: Gray Code

Example:  
Σ = {0,1} and 𝑛 = 3
Σ5 = 8

0 000
1 001
2 011
3 010

4 110
5 100
6 101
7 111



Consider:
• Index length: 𝐼 = log6 𝑛/𝐿"#$
• Block size: 𝑓 𝑛 = 𝑜 log 𝑛
• 𝒄(, 𝒄), … , 𝒄6&+): the codewords of a 
𝑞-ary Gray code, in order.

Preliminaries: Index Generation

𝒄!

𝒊

Encoded index:

𝒄!"
parity symbol

1 1 1𝒄!"" 1

𝑓 𝑛 − 1 𝑓 𝑛 − 1 𝑓 𝑛 − 1

𝛼 = 𝒄!""

Index:



For 𝑡 < 𝑁 the set of run-length limited (RLL) strings is
ℛℒℒ8 𝑁 ≜ 𝒙 ∈ Σ9: 𝑛𝑜 𝑡-length runs of zeros .

Preliminaries: Run-Length Limited  Encoding

[1] M. Levy and E. Yaakobi, “Mutually uncorrelated codes for DNA storage,” IEEE Trans. on Inform. Theory, vol. 65, no. 6, pp. 3671–3691, Jun. 2019. 
[2, Lem. 5] Y. Yehezkeally, S. Marcovich, and E. Yaakobi, “Multi-strand reconstruction from substrings,” in IEEE ITW, 2021.

RLL encoder: input length 𝑚, output length 𝑁 = 𝑁' 𝑚 , and 𝑡 = 𝑓 𝑛

𝐸*://: Σ* → ℛℒℒ;(') 𝑁'(𝑚) .



Encoder for 𝑳𝐦𝐢𝐧, 𝑳𝐦𝐚𝐱 -single strand Torn-Paper code 𝓒𝑨(𝒏): 
Input: a sequence 𝒙 ∈ Σ*+

Devide 𝒙 into 𝑞, non-overlapping substrings of length 𝑚.

Next, we encode each substring 𝒙𝒊 into 𝒛𝒊 ∈ Σ.!"# independently. 

Construction A

𝟎 … 𝟎 𝟎 … 𝟎 𝟎 … 𝟎 𝟎 … 𝟎
𝒙𝟎 𝒙𝟏 𝒙𝟐 … 𝒙𝑲3𝟏

𝒎 symbols 𝒎 symbols 𝒎 symbols 𝒎 symbols

…

𝟎 … 𝟎 𝟎 …𝒙 𝟎 𝟎 … 𝟎 𝟎 … 𝟎

≥ 𝑓 𝑛 zeros



For any 0 ≤ 𝑖 ≤ 𝐾 − 1:

(1) Encode 𝒙𝒊 using the RLL encoder to obtain 𝒚𝒊 = 𝐸+4.. 𝒙𝒊 .

(2) Let 𝒄𝒊55 be the 𝑖-th encoded index and let 𝒛𝐢 = 𝒄𝐢55 ∘ 𝟏𝟎𝒇 𝒏 𝟏 ∘ 𝒚𝒊.

Construction A
Encoder for 𝑳𝐦𝐢𝐧, 𝑳𝐦𝐚𝐱 -single strand Torn-Paper code 𝓒𝑨(𝒏): 

𝒙𝒊 𝟎 … 𝟎

≥ 𝑓 𝑛 zeros

𝑁!(𝑚) symbols

𝒚𝒊

𝟎 … 𝟎

𝑓 𝑛 zeros

11

𝒚𝒊index 𝒄𝒊##

𝒛𝒊 |𝒛𝒊| = 𝐿%&'.



Finally, let  Enc9 𝒙 ≜ 𝒛 = 𝒛𝟎 ∘ 𝒛𝟏 ∘ ⋯ ∘ 𝒛𝑲3𝟏 ∘ 𝒛𝑲

Construction A
Encoder for 𝑳𝐦𝐢𝐧, 𝑳𝐦𝐚𝐱 -single strand Torn-Paper code 𝓒𝑨(𝒏): 

𝟎…𝟎 11

𝒚𝟎𝒄𝟎""
𝟎…𝟎 11

𝒚𝟏𝒄𝟏""

𝟎…𝟎 11

𝒚𝑲0𝟏𝒄𝑲0𝟏""

…

𝒛𝟎 𝒛𝟏 𝒛𝒌0𝟏

𝟎𝟎 …𝟎…𝟎 11

𝒄𝑲""

𝒛𝒌

𝒛



Construction A – Encoder Correctness

𝐿%&'

𝒖

marker

encoded 
information

encoded 
index 

Every 𝐿%&'-substring 𝒖 of 𝒛:

• does not contain any occurrences of the marker                      except those explicitly added after each 
encoded index.  

0 0 01 1

• either 𝒖 contains an occurrence of the marker or it has a suffix-prefix pair whose concatenation is 
the marker.



Either 𝒖 contains an occurrence of                   or it has a suffix-prefix pair whose concatenation is                 .0 01 1 0 01 1

Construction A – Encoder Correctness

𝒖
𝒄𝒊## 𝒄𝒊$𝟏##

𝒖 …0 1010 0…
𝒄𝒊##

1 1

Hence, if the parity symbol is correct then 𝑖 is the decoding of 𝒄55 and otherwise 𝑖 is the decoding of 𝒄′′minus one. 

𝒄𝒊55 and 𝒄𝒊:𝟏55 differ only at the parity symbol and one more coordinate.

Case 2:
𝟎 𝟏𝟎 𝟏

𝟏 𝟏 𝟎 𝟎Case 1:
𝟏 𝟏𝟏 𝟏

𝟏 𝟏 𝟎 𝟎
𝒄55 is a copy of 𝒄𝒊:𝟏55 with an 
erroneous parity symbol. 𝒄55 is equal to 𝒄𝒊55. 𝒄𝒊:𝟏55

𝒄𝒊55

𝒄55: the concatenation of the (𝛼 − 𝑗)-suffix of 𝒖 with the 𝑗-prefix of 𝒖. 

𝒄𝒊:𝟏55
𝒄𝒊55

𝟏 𝟏 𝟎 𝟏𝒄′′ 𝟏 𝟏 𝟏 𝟏𝒄′′



Theorem: Letting 𝑓 𝑛 ≜ 1 + 𝑜(1) log 𝑛 we have that 

red 𝒞9 𝑛 ≤
𝑛
𝑎 1 +

2 + 𝑜(1)
log 𝑛

.

Construction A – Rate

Hence, Construction A asymptotically meets the upper bound.
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Reconstruction from Substring-Composition



𝑆 :  number of unique elements in 𝑆.

Notations

𝒳',B ≜ 𝑺 = 𝒙𝟏, … , 𝒙𝒌 ∶ ∀𝑖, 𝒙𝒊 ∈ Σ' .



An ℓ-trace of 𝒙 ∈ Σ' is a multiset of substrings such that:
(1) All substrings are of length at least ℓ.
(2) Succeeding substrings overlap is at least ℓ − 1.
(3) 𝒙 is covered by the substrings.

ℓ-trace spectrum of 𝒙, denoted by 𝒯ℓ(𝒙): set of all ℓ-traces of 𝒙.

Example:  𝒙=1110111
11101,1101,10111,0111 is a 4-trace of 𝒙. 

Definitions



An ℓ-trace of 𝒙 ∈ Σ' is a multiset of substrings such that:
(1) All substrings are of length at least ℓ.
(2) Succeeding substrings overlap is at least ℓ − 1.
(3) 𝒙 is covered by the substrings.

ℓ-trace spectrum of 𝒙, denoted by 𝒯ℓ(𝒙): set of all ℓ-traces of 𝒙.

Example:  𝒙=1110111
11101,1101,10111,0111 is a 4-trace of 𝒙. 

Definitions

𝒯ℓ 𝑺 ≜ ⋃𝒙∈𝑺𝒯ℓ(𝒙).



An ℓ-trace of 𝒙 ∈ Σ' is a multiset of substrings such that:
(1) All substrings are of length at least ℓ.
(2) Succeeding substrings overlap is at least ℓ − 1.
(3) 𝒙 is covered by the substrings.

ℓ-trace spectrum of 𝒙, denoted by 𝒯ℓ(𝒙): set of all ℓ-traces of 𝒙.

Example:  𝒙=1110111
11101,1101,10111,0111 is a 4-trace of 𝒙. 

Definitions

𝒯ℓ 𝑺 ≜ ⋃𝒙∈𝑺𝒯ℓ(𝒙).

Channel input: 𝑺 ∈ 𝒳',B
Channel output: an ℓ-trace of 𝑺. 



Multi-strand ℓ-trace code: code 𝒞 ⊆ 𝒳',B such that for any two 
distinct multisets 𝑺, 𝑺4 ∈ 𝒞, it holds that 𝒯ℓ 𝑺 ∩ 𝒯ℓ 𝑺′ = ∅.

𝒯ℓ 𝑺 𝒯ℓ 𝑺′

Definitions



For ℓ < 𝑛 the set of ℓ-repeat-free (RF) strings is
ℛℱℓ 𝑛 ≜ 𝒙 ∈ Σ': 𝑛𝑜 ℓ − 𝑠𝑢𝑏𝑠𝑡𝑟𝑖𝑛𝑔 𝑟𝑒𝑝𝑒𝑎𝑡𝑠

= 𝒙 ∈ Σ': ℒℓ 𝒙 = 𝑛 − ℓ + 1 .
A multi-strand ℓ-repeat-free strings:

ℛℱℓ 𝑛, 𝑘 ≜ 𝑺 ∈ 𝒳',B: ℒℓ 𝑺 = 𝑘(𝑛 − ℓ + 1)

Preliminaries: Repeat-Free Encoding
ℒℓ 𝒙 ∈ 𝒯ℓ 𝒙 is the ℓ-trace that consists of all the ℓ-substrings of 𝒙.  

Example:  𝒙 = 11101110101111
ℒ)I 𝒙 = 111011101011, 110111010111, 101110101111



Preliminaries: Repeat-Free Encoding

Lemma: For all 𝑺 ∈ ℛℱℓ 𝑛, 𝑘 there exists an efficient algorithm 
reconstructing 𝑺 from any ℓ-trace of 𝑺.



Consider:
• Index length: 𝐼 = log6 𝑘

Preliminaries: Index Generation

𝒄!

𝒊

Encoded index:

Index:



Encoder for multi-strand ℓ-trace code 𝓒𝑩: 
Input: a sequence 𝒙 ∈ Σ+

Construction B

Encode 𝒙 using the RF encoder for ℓ5 = ℓ − log 𝑘 to obtain 𝒚 = 𝐸+,ℓ5ℛℱ 𝒙 .

𝒚

𝑛5 = 𝑛 − log 𝑘 𝑘

𝒙

Divide 𝒚 into 𝑘 non-overlapping substrings of length 𝑛 − log 𝑘.

…

…
𝒚

𝒚𝟎 𝒚𝟏 𝒚𝟐 𝒚𝒌(𝟏

𝒏 − 𝐥𝐨𝐠𝒌 symbols 𝒏 − 𝐥𝐨𝐠𝒌 symbols 𝒏 − 𝐥𝐨𝐠𝒌 symbols 𝒏 − 𝐥𝐨𝐠𝒌 symbols



Encoder for multi-strand ℓ-trace code 𝓒𝑩: 

Construction B

For each 𝒚? define ]𝒚𝒊 = 𝒄𝒊 ∘ 𝒚𝒊

…

…
𝒚

𝒚𝟎 𝒚𝟏 𝒚𝟐 𝒚𝒌(𝟏

𝒏 − 𝐥𝐨𝐠𝒌 symbols 𝒏 − 𝐥𝐨𝐠𝒌 symbols 𝒏 − 𝐥𝐨𝐠𝒌 symbols 𝒏 − 𝐥𝐨𝐠𝒌 symbols

𝒚𝒊𝒄𝒊

]𝒚𝒊

Finally, let Enc@ 𝒙 ≜ ]𝒚𝒊 ∶ 𝑖 ∈ 𝑘 ∈ 𝒳A,B .



Encoder for multi-strand ℓ-trace code 𝓒𝑪: 
Input: a sequence 𝒙 ∈ Σ+

Construction C

Encode 𝒙 using the RF encoder to obtain 𝒚 = 𝐸+,ℓℛℱ 𝒙 .

𝒙

𝒚

𝑛5 = 𝑛 − ℓ 𝑘 + ℓ
Divide 𝒚 into 𝑘 ℓ-overlapping substrings of length 𝑛.

…

…
𝒚

𝒚𝟎 𝒚𝟏 𝒚𝟐 𝒚𝒌(𝟏

𝒏 symbols 𝒏 symbols 𝒏 symbols 𝒏 symbols

ℓ symbolsℓ symbolsℓ symbols

Finally, let EncC 𝒙 ≜ 𝒚𝒊: 𝑖 ∈ 𝑘 ∈ 𝒳A,B .



Constructions B&C – Rate

ℓlog $% − '(1)

log $%
+3log log($%)

log $% !
+3log log($%)

2log $% + -(1)

2log $% !
+ -(1)

(Corollary 16)
! "Ra

te

Construction	C	(Theorem	21,	part	1)
" − ; ! !"

#ℓ − ; ℓ%&'((")
!

Construction	B	(Theorem	18,	part	1)
" − ; ! !"#

#ℓ − ; +
!

Construction	B	(Theorem	18,	part	2)
" − ; +

!

Construction	C (Theorem	21,	part	2)
" − ; ℓ%&'((")

!



Reconstruction from 
Substrings with Partial 
Overlap  



≥ 𝐿 !"#$

Probabelistic version of this channel: 
Ravi, A. N., Vahid, A., and Shomorony, I. (2022). Coded Shotgun Sequencing. ACM JSAIT, 3(1), 147-159.

Partial-Overlap Channel

≥ 𝐿%&'



An 𝐿"#$, 𝐿0123 -trace of 𝒙 ∈ Σ' is a multiset of substrings such that:
(1) All substrings are of length at least 𝐿"#$.
(2) Succeeding substrings overlap at least 𝐿 0123.
(3) 𝒙 is covered by the substrings.

𝐿"#$, 𝐿0123 - trace spectrum of 𝒙, denoted by 𝒯/!"#
/'()*(𝒙): 

set of all 𝐿"#$, 𝐿0123 -traces of 𝒙.

Example:  𝒙=111011101011111
1110111, 1110101, 011111 is a 6,2 -trace of 𝒙. 

Definitions



An 𝐿"#$, 𝐿0123 -trace of 𝒙 ∈ Σ' is a multiset of substrings such that:
(1) All substrings are of length at least 𝐿"#$.
(2) Succeeding substrings overlap at least 𝐿 0123.
(3) 𝒙 is covered by the substrings.

𝐿"#$, 𝐿0123 - trace spectrum of 𝒙, denoted by 𝒯/!"#
/'()*(𝒙): 

set of all 𝐿"#$, 𝐿0123 -traces of 𝒙.

Definitions

Channel input: 𝒙 ∈ Σ'
Channel output: an 𝐿"#$, 𝐿0123 -trace of 𝒙. 



𝐿"#$, 𝐿0123 -trace code: code 𝒞 ⊆ Σ' such that for any two distinct 
strings 𝒙, 𝒙4 ∈ 𝒞, it holds that 𝒯/!"#

/'()* 𝒙 ∩ 𝒯/!"#
/'()* 𝒙4 = ∅.

𝒯$!"#

$*+,- 𝒙 𝒯$!"#

$*+,- 𝒙′

Definitions



Construction for 
𝑳𝐦𝐢𝐧, 𝑳𝐨𝐯𝐞𝐫 -Trace Codes

𝐿%&' = 𝑎log 𝑛 + 𝑂A 1 , 𝑎 > 1

𝐿!"#$ = 𝛾𝐿%&' + 𝑂A 1 , 0 < 𝛾 ≤
1
𝑎



Consider:
• Index length: 𝐼 ≈ 1 − )+J-

)+J
𝐿"#$

• Block size: 𝑓 𝑛 = 𝑜 log 𝑛
• # blocks: 𝐹 = K

; '

𝒄!

𝒄!

𝒄!
(9) 𝒄!

(:) 𝒄!
(;0:)

𝑓 𝑛 𝑓 𝑛 𝑓 𝑛
…

…

1

𝑓 𝑛

𝒄?
5(E)

1 1

𝑓 𝑛

𝒄?
5(G)

1 1

𝑓 𝑛

𝒄?
5(H3G)

1…

𝒊

Preliminaries: Index Generation

Segments of the encoded index



Lemma: For 𝑞 > 2 and integers ℓ 𝑁 > log 𝑁 + 3 log log 𝑁 and log log 𝑁 < 𝑡
≤ ℓ I 3 J!K I

L
, there exists an efficient encoder/decoder pair of𝓡𝓕ℓ 𝑵 𝑵 that also does not 

contain any 𝒕-length runs of zeros, with rate 𝟏 − 𝑶𝒏
𝒕
𝒏
+ 𝒒3𝒕 .

Define encoder 𝑬𝒎,ℓℛℱ : input length 𝑚, output length 𝑁 = 𝑁A,ℓ 𝑚 , 𝑡 = 𝑓(𝑛)

For ℓ < 𝑁 the set of repeat-free (RF) strings is
ℛℱℓ 𝑁 ≜ 𝒙 ∈ ΣI: 𝑛𝑜 ℓ − 𝑠𝑢𝑏𝑠𝑡𝑟𝑖𝑛𝑔 𝑟𝑒𝑝𝑒𝑎𝑡𝑠 .

[1] O. Elishco, R. Gabrys, M. Médard, and E. Yaakobi, “Repeat-free codes,” IEEE Trans. on Inform. Theory, vol. 67, no. 9, pp. 5749–5764, Sep. 2021.

Similar result was proven in [1] for specific values of ℓ 𝑛 and 𝑡

Preliminaries: Repeat-Free Encoding



Encoder for 𝑳𝐦𝐢𝐧, 𝑳𝐨𝐯𝐞𝐫 -trace code 𝓒𝑫: 

Input: a sequence 𝒙 ∈ ΣP$+

Devide 𝒙 into 𝑞, non-overlapping substrings of length 𝑚.

𝟎 … 𝟎 𝟎 … 𝟎 𝟎 … 𝟎 𝟎 … 𝟎
𝒙𝟎 𝒙𝟏 𝒙𝟐 … 𝒙𝒒𝑰3𝟏

𝒎 symbols 𝒎 symbols 𝒎 symbols 𝒎 symbols

…

Next, we encode each substring 𝒙𝒊 into 𝒛𝒊 ∈ ΣA/P
$

independently. 

𝟎 … 𝟎 𝟎 …𝒙 𝟎 𝟎 … 𝟎 𝟎 … 𝟎

≥ 𝑓 𝑛 zeros

Construction D



Encoder for 𝑳𝐦𝐢𝐧, 𝑳𝐨𝐯𝐞𝐫 -trace code 𝓒𝑫: 

For any 0 ≤ 𝑖 ≤ 𝑞, − 1 we want 𝒛𝒊 to satisfy two properties:

(1) the index 𝑖 can be decoded from any 𝐿%&'-substring of 𝒛𝒊, and 
(2) the string 𝒛𝒊 can be uniquely reconstructed from any 𝐿%&', 𝐿!"#$ -trace of 𝒛𝒊. 

Then, we let

Enc9 𝒙 ≜ 𝒛 = 𝒛E ∘ ⋯ ∘ 𝒛P$3G.

Construction D



Encoder for 𝑳𝐦𝐢𝐧, 𝑳𝐨𝐯𝐞𝐫 -trace code 𝓒𝑫: 

For any 0 ≤ 𝑖 ≤ 𝑞, − 1:

(1) Encode 𝒙𝒊 using the RF encoder to obtain 𝒚𝒊 = 𝐸+,ℓℛℱ 𝒙𝒊 .

𝒚𝒊

𝒙𝒊 𝟎 𝟎 𝟎

𝑁!,ℓ(𝑚) symbols

≥ 𝑓 𝑛 zeros

(2) Partition 𝒚𝒊 into A
P$.!"#

non-overlapping segments of length 𝐿%&' − 𝑟.   

𝑁<,ℓ 𝑚 ≈
1 − 𝛾𝑎
1 − 𝛾 𝑛𝑞0>𝒚𝒊

𝐿?@A − 𝑟 𝐿?@A − 𝑟

𝒚!,9 𝒚!,</(C!D"#$) 0:…

…

Construction D



Encoder for 𝑳𝐦𝐢𝐧, 𝑳𝐨𝐯𝐞𝐫 -trace code 𝓒𝑫: 

(3) For all 𝑗 ∈ [𝑛/(𝑞,𝐿%&')]:

𝒚!,*

𝒚?,S
(E) 𝒚?,S

(G) 𝒚?,S
(H3G)

𝒚!,*

(3.1) Partition 𝒚?,S into 𝐹 non-overlapping segments of equal lengths 
(up to ±1, if necessary).

(3.2) For 𝑘 ∈ 𝐹 , let  𝒛?,S
(B) ≜ 𝒚?,S

B ∘ 𝒄𝒊
5(B)

𝒛!,* … 0

𝒚?,S
(E)

1

𝒄?
5(E)

11 1 1 1

𝒚?,S
(H)

1

𝒄?
5(H3G)

1

𝒚?,S
(G) 𝒄?

5(G)

𝒛?,S
(E) 𝒛?,S

(G) 𝒛?,S
(H3G)

…00

𝑓 𝑛
1 for 𝑗 = 0

Construction D



Encoder for 𝑳𝐦𝐢𝐧, 𝑳𝐨𝐯𝐞𝐫 -trace code 𝓒𝑫: 

(4) Concatenate 𝒛? = 𝒛?,E ∘ 𝒛?,G ∘ ⋯ ∘ 𝒛?, &
'$(!"#

3G

𝒛! 0 01 1 0 0 01 1 0 0 01 11

𝒛?,E 𝒛?, A
P$.!"#

3G

…

Lastly, we concatenate all the 𝒛𝒊 strings, in order, to obtain the code word

EncT 𝒙 ≜ 𝒛 = 𝒛E ∘ ⋯ ∘ 𝒛P$3G.

Construction D



Construction D – Overview



Lemma: Every 𝐿%&'-substring 𝒖 of 𝒛 contains as subsequences at least an 𝐼 − 𝜇 -suffix of 𝒄? and 𝜇-prefix
of either 𝒄? or 𝒄?:G for some 𝑖 ∈ [𝑞,] and 𝜇 ∈ [𝐼], in identifiable locations.

Construction D – Encoder Correctness

𝐿%&'

𝒖

marker

encoded 
information

encoded 
index 



Lemma: Every 𝐿!"#$-substring 𝒗 of 𝒛 contains at least ℓ consecutive symbols of 𝒚 ≜ 𝒚𝟎 ∘ 𝒚𝟏 ∘ ⋯ ∘ 𝒚𝒒𝑰3𝟏.

𝐿 !"#$

𝒗

Construction D – Encoder Correctness

𝐿%&'

𝒖

Lemma: Every 𝐿%&'-substring 𝒖 of 𝒛 contains as subsequences at least an 𝐼 − 𝜇 -suffix of 𝒄? and 𝜇-prefix
of either 𝒄? or 𝒄?:G for some 𝑖 ∈ [𝑞,] and 𝜇 ∈ [𝐼], in identifiable locations.



Theorem : for all admissible values of 𝑛, the code 𝒞T is an 𝐿%&', 𝐿!"#$ -trace code.

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

𝒖

Proof:  Take 𝒛 ∈ 𝒞T and let 𝑇 ∈ 𝒯.!"#
.)*+, be an 𝐿%&', 𝐿!"#$ -trace of 𝒛.  

Note that:
1. The segment 𝒖 does not contain any occurrences of the marker                     except those explicitly added as a 

prefix of 𝒛?,S (for some 𝑖, 𝑗).  
2. For any 𝑖, 𝑗, |𝒛𝒊,𝒋| ≤ 𝐿%&'.
3. Either 𝒖 contains an occurrence of                     or it has a suffix-prefix pair whose concatenation is                   .       

Let 𝒖 ∈ 𝑇, we can assume w.l.o.g. that 𝒖 = 𝐿 = 𝐿%&'.

0 01 1

0 01 1 0 01 1

Construction D – Encoder Correctness



Either 𝒖 contains an occurrence of                   or it has a suffix-prefix pair whose concatenation is                 .0 01 1 0 01 1

𝒖 𝟎 1 𝟎…1

𝒄𝒊

𝒄𝒊 𝒄𝒊

𝒖 𝟎 1𝟎1

We can always correctly deduce 𝑖 from 𝒖.
It is therefore possible to partition 𝑇 by the index 𝑖 (corresponding to the substring 𝒛𝒊).

Construction D – Encoder Correctness

𝒄𝒊 𝒄𝒊$𝟏

𝒖 𝟎1 1𝟎1

𝟎



If 𝒖 is intersecting both 𝒚? , 𝒚?:G, then 𝒖 contains the complete synchronization marker 
hence its location in 𝒖 implies the exact location of 𝒖 in 𝒛.

𝒚𝒊 𝒚𝒊$𝟏

𝒖 𝟎1 1𝟎1

0 0 11 1

Construction D – Encoder Correctness



𝒚𝒊 𝒚𝒊

𝒖 𝟎0 1𝟎1

Since each 𝒚𝒊 is ℓ-repeat-free, there exist a unique way to match the overlaps of these substrings.

Construction D – Encoder Correctness

𝒖 𝟎 1 𝟎…1

𝒚𝒊

Lemma: Every 𝐿!"#$-substring 𝒗 of 𝒛 contains at least ℓ consecutive symbols of 𝒚 ≜ 𝒚𝟎 ∘ 𝒚𝟏 ∘ ⋯ ∘ 𝒚𝒒𝑰3𝟏.



𝒚𝒊 𝒚𝒊

𝒖 𝟎0 1𝟎1

Since each 𝒚𝒊 is ℓ-repeat-free, there exist a unique way to match the overlaps of these substrings.

Finally, once 𝒛 is reconstructed we may extract 𝒚? ?∈[P$], then decode 𝒙? ?∈[P$] with the decoder of 𝐸+,ℓℛℱ . 

Construction D – Encoder Correctness

𝒖 𝟎 1 𝟎…1

𝒚𝒊

Lemma: Every 𝐿!"#$-substring 𝒗 of 𝒛 contains at least ℓ consecutive symbols of 𝒚 ≜ 𝒚𝟎 ∘ 𝒚𝟏 ∘ ⋯ ∘ 𝒚𝒒𝑰3𝟏.



Theorem: Letting 𝑓 𝑛 ≜ log 𝑛 we have that 

𝑅 𝒞T ≥
1 − 1𝑎
1 − 𝛾 −

1
𝑎

log 𝑛 E.Z3[ − 𝑂
1

log 𝑛
.

Construction D – Rate



Lemma: If 𝐿%&' = 𝑎log 𝑛 + 𝑂A 1 and 𝐿!"#$ = 𝛾𝐿%&' + 𝑂A(1),	for some 𝑎 > 1 and 0 < 𝛾 ≤ G
\

, then 

any 𝐿%&', 𝐿!"#$ -trace code 𝒞 ⊆ ΣA satisfies 

𝑅 𝒞 ≤
1 − 1𝑎
1 − 𝛾

+ 𝑂
log log 𝑛
log 𝑛

.

Corollary: If limsup
A→^

.!"#
J!K A

≤ 1, then 𝑅 𝒞 = 𝑜A(1) for any 𝐿%&', 𝐿!"#$ -trace code 𝒞 ⊆ ΣA.

Hence, Construction D asymptotically meets the upper bound.

Maximum Asymptotic Rate of 
𝑳𝐦𝐢𝐧,𝑳𝐨𝐯𝐞𝐫 -Trace Codes



Future Work
• Erroneous versions of the channels. 
• Multistrand setup for the partial   

overlap channel. 
• Analyze the worst-case for a more 

realistic setup. 
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