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Insertions, Deletions, and Edit Distance

 Deletion: 10010 → 100

 Insertion: 0110 → 01010

 𝐸𝐷(𝑠, 𝑠′): The minimal number of insertions and deletions for 𝑠 → 𝑠′.



Why Insertions and Deletions?

Model synchronization errors.

 Appear naturally in DNA and RNA.

 DNA storage.

 Trace reconstruction problem.



Longest Common Subsequence
An LCS between 𝑠 and 𝑠′ is a maximal length subsequence of both. The length is denoted 
𝐿𝐶𝑆 𝑠, 𝑠′ .

0 0 1 0 1 1 1 0 1

0 0 0 0 1 1 1 1 0

𝑠 =

𝑠′ =



LCS and ED
 It holds that 

𝐸𝐷 𝑠, 𝑠′ = 𝑠 + 𝑠′ − 2|𝐿𝐶𝑆 𝑠, 𝑠′ |

Small LCS ↔ large edit distance.

𝐶 ⊆ Σ𝑛. 

𝐸𝐷 𝐶 = min
𝑐,𝑐′∈𝐶
𝑐≠𝑐′

𝐸𝐷(𝑐, 𝑐′) 𝑎𝑛𝑑 𝐿𝐶𝑆 𝐶 = max
𝑐,𝑐′∈𝐶
𝑐≠𝑐′

𝐿𝐶𝑆(𝑐, 𝑐′)

𝐿𝐶𝑆 𝐶 < 𝑛 − 𝛿𝑛 ↔ 𝐸𝐷 𝐶 > 2𝛿𝑛. 

 Rate:

𝑅 =
log 𝐶

𝑛 ⋅ log(|Σ|)



Background on Insdel Codes
 [VT65, Lev66]: Optimal binary codes correcting 1 deletion/insertion.

 [HS17]: Efficient codes of rate 1 − 𝛿 − 휀 with alphabet size 𝑂 (1) correcting 𝛿-fraction of 
insdel. 

 [Hae19], [CJLW19]: Efficient binary codes of rate 1 − 𝑂(𝛿 log2
1

𝛿
) correcting 𝛿-fraction of 

insdel.

 [GS19, SRB20, GH21]: Best binary codes correcting 2 deletion/insertion.



Linear Codes
 A linear code of length 𝑛 and dimension 𝑘:

𝐶 ⊆ 𝔽𝑞
𝑛 linear subspace of dimension 𝑘.

 Notation: 𝑛, 𝑘 𝑞 code

 Rate: R =
𝑘

𝑛



We Love Linear Codes
 Compact representations.
 Generating matrix, 𝐺: rows are basis of the linear codes

𝐶 = 𝑥𝐺 𝑥 ∈ 𝔽𝑞
𝑘 .

 Parity check matrix, 𝐻:

𝐶 = 𝑥 ∈ 𝔽𝑞
𝑛 𝐻𝑥 = 0 .

 Efficiently encodable.

 Familiar, easier to analyze, and sometimes even efficiently decodable.



Previous Results - Insdel Linear Codes
[CGHL21]: There are linear codes with rate 

1−𝛿

2
−

ℎ 𝛿

log2 𝑞
.

 [CGHL21]: Every linear code has rate ≤
1−𝛿

2
+ 𝑜(1). 

What about RS codes against insdel errors?

Half-Singlton bound.

𝒒 𝜹 𝑹

[CGHL21] 2 < 1/400 ≈ 2−80

[CST22] 𝑝𝑜𝑙𝑦 휀−1 < 1/4 Τ(1 − 4𝛿) 8 − 휀

[CST22] 2 < 1/54 Τ(1 − 54𝛿) 1216



Reed-Solomon Codes
Let 𝛼1, … , 𝛼𝑛 ∈ 𝔽𝑞 be distinct. The 𝑛, 𝑘 𝑞 RS code defined with 𝛼1, … , 𝛼𝑛 is

 Linear code.

 Rate: 
𝑘

𝑛

 In the Hamming metric: 𝛿 = 1 − 𝑅 +
1

n
.

 𝑞 ≥ 𝑛.

𝐶 ≔ 𝑓 𝛼1 , … , 𝑓 𝛼𝑛 𝑓 ∈ 𝔽𝑞 𝑋 , deg 𝑓 < 𝑘}

Matches the Singleton bound.



Vandermonde Matrix
 Generating matrix of RS codes:

𝑉 =

1 𝛼1 … 𝛼1
𝑘−1

1 𝛼2 … 𝛼2
𝑘−1

⋮ ⋮ ⋮ ⋮
1 𝛼𝑛 … 𝛼𝑛

𝑘−1

𝑚 = 𝑎0, … , 𝑎𝑘−1

𝑓 = 

𝑖=0

𝑘−1

𝑎𝑖𝑥
𝑖

𝑉 ⋅ 𝑚 = 𝑐
𝑐 = 𝑓 𝛼1 , … , 𝑓 𝛼𝑛



We Love RS codes
 Linear and have efficient decoding! 

 Data storage 
 CDs, DVDs, etc.. 

 Facebook, Google, etc..

 QR codes

 Space transmission.

 Crypto: Shamir’s secret sharing, MPC, etc..



The 𝑘 = 2 case.

𝑓(𝛼1)
𝑓(𝛼2)

𝑓(𝛼𝑛)

𝛼1 𝛼2 𝛼𝑛

𝑓 𝛼𝑖 , 𝑓 𝛼𝑗 , 𝑓(𝛼𝑠)𝛼𝑖 , 𝑓 𝛼𝑖 , 𝛼𝑗 , 𝑓 𝛼𝑗

𝑓𝑓

𝑖 < 𝑗 < 𝑠

Classical: This work:



Previous & Our Results k = 2.

[CST21] Lower Bound: 𝑞 = Ω(𝑛3).

𝒒

𝑞 > 9 (𝑛 = 5)

Correcting deletions

[WMSN04]

[DLTX19]

[CST21]

[LX21]



Previous & Our Results 𝑘 > 2.

𝒒 Correcting deletion

[TSN07] 𝑂(𝑛) log𝑘+1 𝑛 − 1

Existence [CST21] 𝑛𝑂(𝑘) 𝑛 − 2𝑘 + 1

Construction [CST21] ≈ 𝑛𝑘
𝑘 𝑛 − 2𝑘 + 1

* Half-Singleton Bound [CGHL21]: Any linear code that corrects 𝛿 fraction of deletions    

must have rate ≤
1−𝛿

2
+ 𝑜(1)

Match the half-
Singleton Bound*



Algebraic Condition
Definition (Increasing vectors):

𝐼 ⊆ 𝑛 𝑠 is an increasing vector if 1 ≤ 𝐼1 < 𝐼2 < ⋯ < 𝐼𝑠 ≤ 𝑛. 

Notation

𝑐𝐼: = 𝑐𝐼1 , 𝑐𝐼2 , … , 𝑐𝐼𝑠

𝑐𝐼 is a subsequence of 𝑐 of length 𝑠.



Algebraic Condition
Definition: Let 𝐼, 𝐽 ⊆ 𝑛 2𝑘−1 be increasing vectors and 𝑋1, … , 𝑋𝑛 be formal variables.  

𝑉𝐼,𝐽: =

1 𝑋𝐼1 … 𝑋𝐼1
𝑘−1 𝑋𝐽1 … 𝑋𝐽1

𝑘−1

1 𝑋𝐼2 … 𝑋𝐼2
𝑘−1 𝑋𝐽2 … 𝑋𝐽2

𝑘−1

⋮ ⋮ ⋮ ⋮ ⋮ … ⋮
1 𝑋𝐼2𝑘−1 … 𝑋𝐼2𝑘−1

𝑘−1 𝑋𝐽2𝑘−1 … 𝑋𝐽2𝑘−1
𝑘−1

det 𝑉𝐼,𝐽 ∈ 𝔽𝑞 𝑋1, … , 𝑋𝑛 .

Vandermonde Vandermonde*

𝐽 part𝐼 part



Algebraic Condition

Claim:

Let 𝛼 = 𝛼1, … , 𝛼𝑛 and consider the 𝑛, 𝑘 𝑞 RS code defined with 𝛼.

If for every two increasing vectors 𝑰, 𝑱 ⊆ 𝒏 𝟐𝒌−𝟏 that agree on at most 𝒌 − 𝟏 coordinates, it 

holds that 𝐝𝐞𝐭 𝑽𝑰,𝑱 𝜶 ≠ 𝟎, then the code can correct any 𝒏 − 𝟐𝒌 + 𝟏 deletions.

𝑉𝐼,𝐽(𝛼1, … , 𝛼𝑛) =

1 𝛼𝐼1 … 𝛼𝐼1
𝑘−1 𝛼𝐽1 … 𝛼𝐽1

𝑘−1

1 𝛼𝐼2 … 𝛼𝐼2
𝑘−1 𝛼𝐽2 … 𝛼𝐽2

𝑘−1

⋮ ⋮ ⋮ ⋮ ⋮ … ⋮
1 𝛼𝐼2𝑘−1 … 𝛼𝐼2𝑘−1

𝑘−1 𝛼𝐽2𝑘−1 … 𝛼𝐽2𝑘−1
𝑘−1



Proof of Claim

 Assume that the claim does not holds.

 There are distinct 

𝑐 = 𝑓 𝛼1 , … , 𝑓 𝛼𝑛 , 𝑓 = σ𝑖=0
𝑘−1 𝑓𝑖𝑥

𝑖

𝑐′ = 𝑔 𝛼1 , … , 𝑔 𝛼𝑛 , 𝑔 = σ𝑖=0
𝑘−1𝑔𝑖𝑥

𝑖

such that 𝐿𝐶𝑆 𝑐, 𝑐′ ≥ 2𝑘 − 1.

 There are two increasing 𝐼, 𝐽 ⊆ 𝑛 2𝑘−1 such 
that 𝑐𝐼 = 𝑐𝐽

′.

𝑉𝐼,𝐽 𝛼 =

1 𝛼𝐼1 … 𝛼𝐼1
𝑘−1 𝛼𝐽1 … 𝛼𝐽1

𝑘−1

1 𝛼𝐼2 … 𝛼𝐼2
𝑘−1 𝛼𝐽2 … 𝛼𝐽2

𝑘−1

⋮ ⋮ ⋮ ⋮ ⋮ … ⋮
1 𝛼𝐼2𝑘−1 … 𝛼𝐼2𝑘−1

𝑘−1 𝛼𝐽2𝑘−1 … 𝛼𝐽2𝑘−1
𝑘−1

For every two increasing vectors 𝑰, 𝑱 ⊆ 𝒏 𝟐𝒌−𝟏 that 
agree on at most 𝒌 − 𝟏 coordinates, it holds that 

𝐝𝐞𝐭 𝑽𝑰,𝑱 𝜶 ≠ 𝟎, then the code can correct any 𝒏

− 𝟐𝒌 + 𝟏 deletions.

Claim:



Proof of Claim

 𝑓 𝛼𝐼𝑠 = 𝑔 𝛼𝐽𝑠 for every 1 ≤ 𝑠 ≤ 2𝑘 − 1.

 If 𝐼, 𝐽 agree on ≥ 𝑘 coordinates then 𝑓 ≡ 𝑔.

 Otherwise, the vector 

(𝑓0 − 𝑔0, 𝑓1, … , 𝑓𝑘−1, −𝑔1, … , −𝑔𝑘−1)

is nonzero and in the kernel of 𝑉𝐼,𝐽 𝛼 .

𝑉𝐼,𝐽 𝛼 =

1 𝛼𝐼1 … 𝛼𝐼1
𝑘−1 𝛼𝐽1 … 𝛼𝐽1

𝑘−1

1 𝛼𝐼2 … 𝛼𝐼2
𝑘−1 𝛼𝐽2 … 𝛼𝐽2

𝑘−1

⋮ ⋮ ⋮ ⋮ ⋮ … ⋮
1 𝛼𝐼2𝑘−1 … 𝛼𝐼2𝑘−1

𝑘−1 𝛼𝐽2𝑘−1 … 𝛼𝐽2𝑘−1
𝑘−1

For every two increasing vectors 𝑰, 𝑱 ⊆ 𝒏 𝟐𝒌−𝟏 that 
agree on at most 𝒌 − 𝟏 coordinates, it holds that 

𝐝𝐞𝐭 𝑽𝑰,𝑱 𝜶 ≠ 𝟎, then the code can correct any 𝒏 − 𝟐𝒌

+ 𝟏 deletions.

Claim:



Existence – Road Map (Informal)

𝑉𝐼,𝐽 =

1 𝑋𝐼1 … 𝑋𝐼1
𝑘−1 𝑋𝐽1 … 𝑋𝐽1

𝑘−1

1 𝑋𝐼2 … 𝑋𝐼2
𝑘−1 𝑋𝐽2 … 𝑋𝐽2

𝑘−1

⋮ ⋮ ⋮ ⋮ ⋮ … ⋮
1 𝑋𝐼2𝑘−1 … 𝑋𝐼2𝑘−1

𝑘−1 𝑋𝐽2𝑘−1 … 𝑋𝐽2𝑘−1
𝑘−1

 Show: det 𝑉𝐼,𝐽 is not the zero polynomial for any two increasing 𝐼, 𝐽 that agree on ≤ 𝑘 − 1.

 There are at most 𝑛
2𝑘−1

2
pairs 𝐼, 𝐽.



𝑃 𝑋1, … , 𝑋𝑛 : =ෑ

𝐼,𝐽

det 𝑉𝐼,𝐽 ≢ 0

 deg 𝑃 𝑋1, … , 𝑋𝑛 ≈ 𝑛4𝑘−2 ⋅ 𝑘2 .

 Schwarz-Zippel lemma.



The 𝑘 = 2 case.

Theorem

There exists an explicit 𝑛, 2 𝑞 RS code that can correct from 𝑛 − 3 insdel errors where 𝑞
= 𝑂(𝑛4).



Sidon Spaces
Definition (Sidon Space): 𝑆 ⊆ 𝔽𝑞𝑛 such that 

 𝑆 is linear subspace over 𝔽𝑞.

 ∀𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑆. If 𝑎𝑏 = 𝑐𝑑, then 𝑎𝔽𝑞 , 𝑏𝔽𝑞 = 𝑐𝔽𝑞 , 𝑑𝔽𝑞 .

Theorem [RRT17]:

Let 𝑞 ≥ 3 prime power, 𝑚 an integer. There is an explicit 𝑚 dimensional Sidon space 𝑆 ⊆ 𝔽𝑞2𝑚
(over 𝔽𝑞).



Long Code

Theorem [GS86]:

For every integer 𝑚 ≥ 1, there exists an explicit 
3𝑚+1

2
,
3𝑚+1

2
− 2𝑚

3
linear code with 

hamming distance ≥ 5.



Construction
𝑚 : positive integer.

𝑆 ⊆ 𝔽34𝑚: Sidon space of dimension 2𝑚. 𝑠1, … , 𝑠2𝑚 is basis of 𝑆.

 𝐻 ∈ 𝔽3
2𝑚×

3𝑚+1

2
: the parity check matrix of the long code.

 Define the points of the 
3𝑚+1

2
, 2

34𝑚
RS code:

𝛼1, … , 𝛼𝑛 = 𝑠1, … , 𝑠2𝑚 ⋅ 𝐻

 Lemma: Any 4 points of our code are linearly independent over 𝔽3.



Proof
 Assume that the code does not correct 𝑛 − 3 deletions.

 There are 𝑥1, 𝑥2, 𝑥3 , (𝑦1, 𝑦2, 𝑦3) that agree on at most 1 coordinate such that

det

1 𝑥1 𝑦1
1 𝑥2 𝑦2
1 𝑥3 𝑦3

= 0

 Equivalently
𝑦1 − 𝑦2 𝑥2 − 𝑥3 = 𝑦2 − 𝑦3 𝑥1 − 𝑥2

 ∃𝜆 ∈ 𝔽𝑞 such that
𝜆 𝑦1 − 𝑦2 = 𝑦2 − 𝑦3 𝑜𝑟 𝜆 𝑦1 − 𝑦2 = 𝑥1 − 𝑥2

 Contradicts the lemma.



Proof of the lemma
Lemma: Any 4 points of our code are linearly independent over 𝔽𝑞.

 Assume 𝛼1, 𝛼2, 𝛼3, 𝛼4 are dependent. 

There are 𝛽1, 𝛽2, 𝛽3, 𝛽4 ∈ 𝔽𝑞 such that σ𝑖=1
4 𝛽𝑖𝛼𝑖 = 0.

0 =

𝑖=1

4

𝛽𝑖𝛼𝑖 =

𝑖=1

4

𝛽𝑖

𝑗=1

2𝑚

𝑠𝑗𝐻𝑗,𝑖 =

𝑗=1

2𝑚

𝑠𝑗

𝑖=1

4

𝛽𝑖𝐻𝑗,𝑖

 The 𝑠𝑗’s are independent over 𝔽𝑞. 

 For all 𝑗, σ𝑖=1
4 𝛽𝑖𝐻𝑗,𝑖 = 0. Contradiction! (the distance of the code is ≥ 5).



𝑘 > 2 case

Mason-Stothers Thm:

Let 𝑎 𝑡 , 𝑏 𝑡 , and 𝑐(𝑡) be relatively prime polynomials such that 𝑎 + 𝑏 = 𝑐 and not all of them 
have vanishing derivative. Then, 

max deg 𝑎 , deg 𝑏 , deg 𝑐 ≤ deg 𝑟𝑎𝑑 𝑎𝑏𝑐 − 1

(𝑟𝑎𝑑(𝑓) is the product of the distinct irreducible factors of 𝑓)



Thm [VW03]:

Let 𝑚 ≥ 2 and 𝑌0 𝑥 = 𝑌1 𝑥 +⋯+ 𝑌𝑚(𝑥) where 𝑌𝑗 𝑥 ∈ 𝔽𝑝[𝑥]. Assume that 

 gcd 𝑌0, 𝑌1, … , 𝑌𝑚 = 1

 𝑌1, … , 𝑌𝑚 are linearly independent over 𝔽𝑝(𝑥
𝑝)

Then,

deg 𝑌0 ≤ −
𝑚

2
+ (𝑚 − 1)

𝑗=0

𝑚

𝜈(𝑌𝑗)

(𝜈(𝑌𝑗) is the number of distinct roots of 𝑌𝑗 with multiplicity not divisible by 𝑝)



Construction
 ℓ = 2𝑘 !

2
.

 𝔽𝑝 where 𝑝 > 𝑘2 ⋅ ℓ.

 𝔽𝑞 such that 𝔽𝑞: 𝔽𝑝 = 𝑘2 ⋅ ℓ.

 𝛾 ∈ 𝔽𝑞 such that 𝔽𝑞 = 𝔽𝑝(𝛾).

 Construction points: ∀𝑖 ∈ 𝑛 (where 𝑛 < 𝑝):

𝛼𝑖 = 𝛾 − 𝑖 ℓ

Claim:

The 𝑛, 𝑘 𝑞 RS code with 𝛼1, … , 𝛼𝑛 can correct from 𝑛 − 2𝑘 + 1 deletions.
𝔽𝑝

𝔽𝑞

Ext. degree -
𝑘2 ⋅ ℓ

{𝛼1 = 𝛾 − 1 ℓ, … , 𝛼𝑛 = 𝛾 − 𝑛 ℓ}

{1,2, … , 𝑛}

𝛾



Proof idea (informal)

𝑉𝐼,𝐽 𝛼 =

1 𝛼𝐼1 … 𝛼𝐼1
𝑘−1 𝛼𝐽1 … 𝛼𝐽1

𝑘−1

1 𝛼𝐼2 … 𝛼𝐼2
𝑘−1 𝛼𝐽2 … 𝛼𝐽2

𝑘−1

⋮ ⋮ ⋮ ⋮ ⋮ … ⋮
1 𝛼𝐼2𝑘−1 … 𝛼𝐼2𝑘−1

𝑘−1 𝛼𝐽2𝑘−1 … 𝛼𝐽2𝑘−1
𝑘−1

If det 𝑉𝐼,𝐽 𝛼 = 0, then

det 𝑉𝐼,𝐽 𝛼 = 𝑃0 𝛾 + 𝑃1 𝛾 +⋯+ 𝑃 2𝑘−1 !−1 𝛾 = 0 .



Proof idea (very informal)
det 𝑉𝐼,𝐽 𝛼 = 𝑃0 𝛾 + 𝑃1 𝛾 +⋯+ 𝑃 2𝑘−1 !−1 𝛾 = 0 .

 deg 𝑃𝑗 = ℓ ⋅ 𝑘 ⋅ 𝑘 − 1

 𝜈 𝑃𝑗 ≤ 2𝑘 − 2.

By thm, it holds that 

deg 𝑃0 < 2𝑘 − 1 ! 

𝑗=0

2𝑘−1 !−1

𝜈 𝑃𝑗 ≤ 2𝑘 − 1 !
2
⋅ 2𝑘 − 2 < ℓ

1 𝛼𝐼1 … 𝛼𝐼1
𝑘−1 𝛼𝐽1 … 𝛼𝐽1

𝑘−1

1 𝛼𝐼2 … 𝛼𝐼2
𝑘−1 𝛼𝐽2 … 𝛼𝐽2

𝑘−1

⋮ ⋮ ⋮ ⋮ ⋮ … ⋮
1 𝛼𝐼2𝑘−1 … 𝛼𝐼2𝑘−1

𝑘−1 𝛼𝐽2𝑘−1 … 𝛼𝐽2𝑘−1
𝑘−1

𝛼𝑖 = 𝛾 − 𝑖 ℓ



Conclusion & Open Questions

 Explicit construction with smaller field size.

 A tighter lower bound on the field size for 𝑘 > 2.

 Decoding algorithms?



Thank You!


